In New Testament studies, the synoptic problem is concerned with the relationships between the gospels of Matthew, Mark and Luke. A careful specification in probabilistic terms is set up of what is known as the triple-link model, and, as a special case, the double-link model. Counts of the numbers of verbal agreements between the gospels are examined to investigate which of the possible triple-link models appears to give the best fit to the data.
Introduction
has reviewed some of the uses of probability and statistics in theology and biblical studies, but in the present paper we shall examine an area that was not considered by Bartholomew. Honoré (1968) in a pioneering paper carried out a statistical analysis of the synoptic problem, a well-known branch of New Testament studies, in which hypotheses about the relationships between the gospels of Matthew, Mark and Luke are investigated. A good introduction to the various theories that have been proposed for the relationships between the synoptic gospels is given by Goodacre (2001) . Honoré (1968) is particularly useful in that it provides a comprehensive listing of the data that were used in the analysis and a detailed account of the mathematical and statistical reasoning. However, from the point of view of a statistician, one of the challenges of Honoré (1968) is that his terminology tends not to conform to what is accepted usage in statistical theory.
The most widely accepted model for the relationships between the synoptic gospels is the two-source model, according to which Matthew and Luke had two sources, Mark and a hypothetical 'Q', the latter to account for the large quantity of material that is common to Matthew and Luke but absent from Mark. An authoritative exposition of the two-source model and the state of research on Q is provided by Kloppenborg Verbin (2000) . What little attention Honoré (1968) has received in the biblical studies literature-see Norlin (1971, 1999) , O'Rourke (1974) and Matilla (1994) -has been almost entirely restricted to his investigation of the two-source model, but a considerable part of his paper dealt with an innovative analysis of the so-called triple-link model. O'Rourke was dismissive of the triple-link model on the grounds that it gave a very poor fit to the observed data, but his conclusions were based on Honoré's erroneous analysis. We shall show that it is possible to find a good fit. What we aim to do in this paper is to recast Honoré's work on the triple-link model in the terminology and notation of probability theory. This helps to make more explicit certain assumptions that were made by him and to provide a more rigorous confirmation of some of his results. It also helps to show where Honoré went astray and to come up with a more satisfactory analysis. Another issue that will be addressed is what version of the data it is most appropriate to use for the analysis.
In what follows, like Honoré, we use the terms gospel A, B and C to refer to any permutation of the synoptic gospels, although the identification A ≡ Mark (Mk), B ≡ Matthew (Mt) and C ≡ Luke (Lk) conforms to the order that assumes Markan priority and is usually, though not exclusively, regarded as most likely. The statistical analysis is based on the numbers of verbal agreements between the gospels, i.e. the numbers of common occurrences of the same Greek word in the same grammatical form. It has been a matter of debate about what definition of verbal agreement should be used. Others, such as Carlston and Norlin (1971) , have used less restrictive definitions of verbal agreement than did Honoré, and the issues that are involved have been discussed by O'Rourke (1974) and Matilla (1994) . Carlston and Norlin (1999) , pages 120-121, later conceded that with hindsight they might have used a tighter definition of verbal agreement, yet one that was still broader than Honoré's. They also showed that, even if they had used Honoré's definition, their conclusions regarding the two-source model would have been the same. The use of alternative definitions might or might not lead to materially different conclusions for our triple-link model. Be that as it may, the method of analysis that we shall develop, which forms the main thrust of this paper, will be unaffected by the definition of verbal agreement that is adopted.
Basic data and notation for triple-link analysis
It is supposed in the triple-link model that gospels B and C both use gospel A and that gospel C also uses gospel B. Let x be the probability that a given word in A is transmitted unaltered to B. Let y be the probability that a given word in B is transmitted unaltered to C. Let z be the probability that a given word in A is transmitted unaltered directly to C. The relationship is illustrated in Fig. 1 .
The gospels when laid out in parallel in a synopsis, as for example in Huck (1949) , used by Honoré, or in Aland (1996) , may be split up into sections. Those sections which are represented in all three synoptic gospels are known as triple tradition, those which are represented in just two of the gospels are known as double tradition and those which are represented in just one gospel are known as single tradition. A couple of points of clarification are in order.
(a) Under the influence of the two-source model, the term 'double tradition' is more commonly used in a restricted sense to refer solely to the sections of material that are common to Matthew and Luke alone, but here we follow the more general usage of Honoré, which also refers to sections of material that are common either to Matthew and Mark alone or to Mark and Luke alone. (b) Where a section of material is common to two or three of the gospel writers, there will still in general be variation from author to author of the detailed wording of the section-sometimes minor, but sometimes quite substantial. It is from these differences in wording, as well as from differences between the gospels in what sections they contain, that the data for our analysis have been obtained.
In his analysis of the triple-link model, Honoré (1968) used, firstly, the data from the triple tradition and, secondly, the data from the whole of the synoptic material. We shall also make use of the data from the union of the triple tradition and double tradition, i.e. the whole of the synoptic material less the single tradition. This set of data includes all the material where there appear to be some links between the synoptic gospels but excludes blocks of material which are unique to any gospel author, i.e. material where the author may have had his own special source and which has not been taken up by any subsequent author or, possibly, material from a common hypothetical source, which was available to all or two of the evangelists, but used by only one of them. This appears to be the most natural set of data to use, and, as we shall see, it does also provide the best support for the triple-link model. Table 1 gives the counts of words classified according to their presence or absence in each of the synoptic gospels, (a) for the triple tradition, (b) for the triple and double tradition combined and (c) for the whole of the synoptic material.
All three sets of data will be used in an attempt to validate the model. The data are taken from Honoré (1968) , Tables 1, 2, 4 and 10, although presented here in a different way. In any row of Table 1 , the counts refer to the number of words that are present in the gospels marked with the number 1 but absent in the gospels marked with the number 0.
In analysing the data using the notation of probability theory, we shall denote by A, B and C the events that a given word is in gospel A, gospel B and gospel C respectively. We shall further denote by C 1 the event that the given word is in gospel C and has been transmitted via gospel B and denote by C 2 the event that the given word is in gospel C and has been transmitted directly from gospel A. According to the triple-link model, any word that gospel C has in common with either gospel A or gospel B has been transmitted to gospel C from either gospel A or gospel B. It follows that
We also note that the occurrence of the event C 1 implies B, so we have C 1 ⊆ B. Similarly, the occurrence of the event C 2 implies A, so C 2 ⊆ A. With this notation, Pr.B|A/ denotes the conditional probability that a given word is in gospel B given that it is in gospel A. Using the basic definition of conditional probability,
we shall evaluate this conditional probability directly from the data by the corresponding relative frequency, i.e. the ratio of the number of words that are in both gospels A and B to the number of words that are in gospel A. The conditional probability so evaluated is precisely the probability that, for the part of the synoptic material that is currently under consideration, a word chosen at random from gospel A is also in gospel B-in the same setting and in the same grammatical form. Similar direct evaluations can be made for all conditional probabilities involving A, B and C, but conditional probabilities that involve C 1 and C 2 will have to be evaluated indirectly.
A probabilistic analysis
In terms of the notation that we have introduced, the probabilities x, y and z may be expressed as
We shall want to evaluate the probabilities x, y and z, which we shall do by expressing them in terms of conditional probabilities which can be evaluated directly. It is straightforward to evaluate x directly from equation (1), but expressions for y and z are not so immediate. In fact Honoré (1968) in calculating his Table 6 went astray by working as if y was given by Pr.C|B/.
In our analysis, we shall follow Honoré in making certain conditional independence assumptions.
(a) Assumption 1-given that a word is in gospel A, the event that it is transmitted to gospel B and the event that it is transmitted directly from gospel A to gospel C are independent. Thus Pr.B ∩ C 2 |A/ = Pr.B|A/ Pr.C 2 |A/, which is equivalent to Pr.C 2 |A ∩ B/ = Pr.C 2 |A/:
(b) Assumption 2-given that a word is in gospel B, the event that it is in gospel A and the event that it is transmitted from gospel B to gospel C are independent. Thus
which is equivalent to Pr.C 1 |A ∩ B/ = Pr.C 1 |B/:
(c) Assumption 3-given that a word is in gospel A and gospel B, the event that it is transmitted from gospel B to gospel C and the event that it is transmitted directly from gospel A to gospel C are independent. Thus
Using his own terminology of word selections being 'unbiased', Honoré (1968) stated his use of assumptions 1 and 2, while not acknowledging his implicit use of assumption 3. As pointed out by Honoré (1968) , page 101, such assumptions will by no means hold exactly. For example, with regard to assumption 1 and assuming Markan priority, although it might reasonably be assumed that Matthew and Luke used the text of Mark independently of each other, in the sense of not collaborating, this does not imply that the choice of words that they selected from Mark was independent in the statistical sense. On the contrary, we should expect the criteria that Matthew and Luke used to select words from Mark to have some common features-Matthew and Luke would not be independent in their choice of words from Mark. Wenham (1972) , who favoured Matthean priority, also criticized Honoré's assumptions. With regard to the Griesbach hypothesis, which corresponds to the triple-link model with the identification A ≡ Mt, B ≡ Lk and C ≡ Mk, if Mark was attempting to produce a conflation of Matthew and Luke, he would be more likely to use Lukan material that Luke had taken from Matthew as against other Lukan material, which contradicts our assumption 2. A similar point with regard to the Farrer theory, which corresponds to the Mk-Mt-Lk model, emerges from the discussion by Goodacre (2002) , pages 51-52.
It is a commonly made observation that all statistical models are simplifications which provide only approximations to the situation that they are attempting to represent. Kloppenborg Verbin (2000), pages 50-52, made some related points specifically with regard to models for synoptic relationships:
'Synoptic hypotheses are simplifications . . . unlikely to represent precisely or fully the actual compositional processes of the gospels. . . . Hypotheses are heuristic models intended to aid comprehension and discovery; they do not replicate reality.' So, despite the above criticisms of the simplifying assumptions that we have made to make some progress in the analysis of the data at our disposal, we shall continue with the analysis to see whether there is any support at all for the triple-link model and whether any insight may be gained into which, if any, of the possible choices of the gospels A, B and C gives the most plausible version of the triple-link model.
Using the three conditional independence assumptions, we may obtain expressions that will allow us to evaluate z and y-the details of the derivation of these and the remaining equations in this section are given in Appendix A. We find that z = Pr.B ∩ C|A/ Pr.B|A/ , .4/ whereB represents the complementary event that B does not occur, and
. 5/ Once we have used equation (4) to evaluate z, we shall be able to use equation (5) to evaluate y. We shall use our values for x, y and z to calculate Pr.B ∩ C|A/ and Pr.C|A/ and then attempt to validate our model by checking how close these calculated values are to the direct evaluations that are obtained from the observed word counts. Again making use of assumptions 1-3, we can express Pr.B ∩ C|A/ and Pr.C|A/ in terms of x, y and z as follows:
Pr.B ∩ C|A/ = xy + xz − xyz .6/ and Pr.C|A/ = z + xy − xyz: .7/
The expressions of equations (6) and (7) are identical with those which were obtained by Honoré (1968) , page 104, without explicit use of the probability calculus.
A statistical analysis
We now evaluate the quantities that were described in Section 3 for each of the six possible permutations of the three synoptic gospels. To illustrate the calculations for the material in the triple tradition, using the data in Table 1 , and taking A ≡ Mt, B ≡ Mk and C ≡ Lk, we have from equation ( The full results for the material in the triple tradition are given in Table 2 , for the triple and double tradition combined in Table 3 and for the whole of the synoptic material in Table 4 . For each ordering of the gospels, the values of Pr.B ∩ C|A/ and Pr.C|A/ have been calculated from x, y and z, using equations (6) and (7) respectively. The values of Pr.B ∩ C|A/ and Pr.C|A/ have also been evaluated directly from the data in Table 1 . In each case, the ratio of the probability as calculated from x, y and z to the probability as evaluated directly has been calculated, and we shall use this ratio as a measure of how well the triple-link model fits the data. (This is the way in which Honoré (1968) measured the performance of the double-link models that we shall examine briefly in the next section.) It is to be expected that the ratio will be less than 1 in each case, since it is an acknowledged shortcoming of the model that unrealistic assumptions of statistical independence are made which will have the effect of making the predicted number of words that the gospels have in common smaller than what is actually observed. But the larger the ratio the better the model has performed.
When we examine both of the ratios in each of Tables 2, 3 and 4, we see that overall the Mk-Mt-Lk and Mt-Mk-Lk models tend to do best. The best fit is given by the triple and double tradition combined in Table 3 , where the Mt-Mk-Lk model performs slightly better than the Mk-Mt-Lk model and they both perform better than all the other models. It is reas-suring that this set of data is the one that gives greatest support to the triple-link model, as we would want to use the model to explain the relationships between the gospels to the greatest extent possible, including the double tradition as well as the triple tradition. However, it seems natural to exclude the blocks of single-tradition material, where no transmission of material from one gospel to another has taken place.
To come up with another criterion for the validity of a specific triple-link model, Honoré argued that, if the gospels were written in the order A-B-C then, since B has only A as his source, whereas C has both A and B as sources, we would expect C to make less use of each of A and B than B does of A. Furthermore, C should be expected to make more use of his most recent source B than of the earlier source A. Thus Honoré expected (a) C's use of B to be greater than C's use of A and (b) B's use of A to be greater than C's use of B.
However, when Honoré came to examine whether his criterion is satisfied, he checked whether it is true that Pr.B|A/ > Pr.C|B/ > Pr.C|A/, whereas it is more appropriate to check whether x > y > z:
.8/ Tables 2 and 4 we see that, irrespective of whether we use the triple-tradition material or the whole of the synoptic material, inequalities (8) are satisfied only for the two models Mt-Mk-Lk and Mk-Mt-Lk, which are precisely the two models that appeared to be the most plausible from our earlier analysis. But Honoré, according to the calculations in his  Table 11 , found that only Mt-Mk-Lk satisfied his criterion, which was one of the considerations that led him to reject the Mk-Mt-Lk triple-link model. More importantly, we have seen that it is the data for the triple and double tradition combined which are arguably the most natural to use and which provide the best support for the triple-link model, with the Mt-Mk-Lk and Mk-Mt-Lk models giving the best fit. When we check whether inequalities (8) are satisfied by the data of our Table 3 , we find that they are satisfied by the Mk-Mt-Lk model but not by the Mt-Mk-Lk model. So if we accept Honoré's criterion as expressed in inequalities (8) then it is the Mt-Mk-Lk model which is eliminated, and we are left with the Mk-Mt-Lk model as the model which gives the best fit to the data. But Honoré's criterion is itself open to criticism. We may envisage a scenario in which C has long been familiar with A, but the more recent B then comes into C's hands, after which he writes his own version. In such a situation we might expect C to make more use of the long familiar A than of B, while still accepting with Honoré that C makes less use of each of A and B than B does of A. This translates into the inequalities x > z > y:
On examining
.9/ Applying inequalities (9) to the data of Table 3 for the triple and double tradition combined, it is the Mk-Mt-Lk model that is eliminated and the Mt-Mk-Lk model that survives as the model of best fit.
Double-link models
Honoré (1968) considered two types of double-link model, both of which may be thought of as truncated versions of the triple-link model. These models, although they do not provide a good fit to the data, are of some interest for certain modelling issues that they raise. The two types of model are illustrated in Fig. 2 . In the so-called 'linear model', gospel B uses gospel A, and gospel C uses gospel B, but there is no direct use of gospel A by gospel C. In terms of the triple-link model, effectively z = 0 and C 1 = B ∩ C, but assumption 2 is made, so, given B, the events A and C are conditionally independent. In the 'fork model', gospels B and C both make use of gospel A, but gospel C does not make use of gospel B, or vice versa. In terms of the triple-link model, y = 0 and C 2 = A ∩ C, but assumption 1 is made, so, given A, the events B and C are conditionally independent.
Both versions of the double-link model reduce to the assumption that two of the events A, B and C are conditionally independent given the third. As a consequence, the two models cannot be distinguished from each other in terms of the joint probability structure of A, B and C: the fork model with gospel A as the source is effectively identical with the linear model with gospel A as the middle term.
Furthermore, in the fork model, the roles of gospels B and C are interchangeable, so there are just three distinct models: those with Matthew, Mark or Luke as the source for the other two. Correspondingly, there are just three distinct linear models: those with Matthew, Mark or Luke as the middle term. We may note that it is a consequence of the conditional independence assumption that in the linear model the roles of gospels A and C are in effect interchangeable.
In terms of the fork model, the conditional independence assumption is Pr.B ∩ C|A/ = Pr.B|A/ Pr.C|A/, and the ratio that was used by Honoré (1968) to evaluate the adequacy of the model is just the calculated value from Table 1 of the quantity Pr.B|A/ Pr.C|A/ Pr.B ∩ C|A/ , which corresponds to the ratio for Pr.B ∩ C|A/ that we used above as a measure of the adequacy of the triple-link model. Table 5 gives the values of this ratio for the double-link models. Naturally, all the values of the ratios in Table 5 are smaller than the corresponding values  for the triple-link model in Tables 2, 3 and 4, as the introduction of an extra parameter in moving from the double-link to the triple-link model will necessarily improve the fit of the model. Clearly, the fork model with Mark as the source, or equivalently the linear model with Mark as the middle term, performs best for the triple tradition and for the whole of the synoptic material; but the fork model with Matthew as the source performs best for the triple and double tradition combined.
However, none of the double-link models with the associated conditional independence assumption provides an adequate fit to the data, as may formally be confirmed by analysing the data as an incomplete 2 × 2 × 2 contingency table with one missing cell, using the methods described by Bishop et al. (1975) .
Conclusions
The aim of this paper has been in part to make more explicit the assumptions that underlay Honoré's (1968) original analysis and in part to improve on his statistical analysis of the triplelink model to see whether the model may be used to provide what seems to be an adequate fit to the word count data.
As we have noted, the conditional independence assumptions are open to serious criticism. Despite this, we have found that, especially for the word counts from the triple-plus doubletradition material, a very good fit may be found, which overcomes O'Rourke's (1974) objection that the model simply did not fit the observed data. Specifically, we may conclude that the Mt-Mk-Lk and Mk-Mt-Lk models provide the best fit, i.e. the triple-link models that identify Luke as the last of the synoptic gospels to have been written. If, further, we accept Honoré's additional criterion, as expressed in inequalities (8), then we end up with the sequence MkMt-Lk, which corresponds to the Farrer theory, as the preferred model. However, if we adopt the alternative criterion, expressed in equalities (9), we arrive at the Mt-Mk-Lk model, which corresponds to the so-called Augustinian hypothesis.
We may wish to go one step further and to use our analysis to compare the plausibility of different models of synoptic relationships, e.g. the Griesbach hypothesis (Mt-Lk-Mk) and the Farrer theory (Mk-Mt-Lk), that lie behind the triple-link model as it was set up by Honoré (1968) . But here we must be very careful, for these underlying models, although specified by linkages of the type that is illustrated in Fig. 1 , do not in themselves include the further conditional independence assumptions that, following Honoré, we have adopted for our analysis and specifically for calculating the ratios of Tables 2-4. Consequently, when comparing the ratios, two issues are confounded: the extent to which any underlying synoptic model is valid and the extent to which the independence assumptions hold. So when, at first sight, from an examination of the ratios, it appears that our analysis gives more support to the Farrer theory, it may be argued rather that the Griesbach hypothesis requires more substantial departures from the conditional independence assumptions. We might also note with regard to the Griesbach hypothesis that for the triple-plus double-tradition material in Table 3 the corresponding Mt-Lk -Mk model satisfies inequalities (9)-the only model apart from Mt-Mk-Lk to do so-which represents some evidence in its favour.
In any comparison of different hypotheses about the relationships between the synoptic gospels, detailed critical examination of the evidence from individual sections of text is necessary and delicate judgments must be made. A statistical analysis will not be able to provide any definitive conclusions, especially if, as here, it is based merely on overall word counts, but it can nevertheless have its own role to play as a contributory factor in the evaluation of the relative merits of the models proposed and in clarifying some of the issues that must be addressed.
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